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LARGE ELASTIC DEFORMATIONS OF ISOTROPIC MATERIALS.
II. SOME UNIQUENESS THEOREMS FOR PURE,
HOMOGENEOUS DEFORMATION

By R. S. RIVLIN
British Rubber Producers’ Research Association, Welwyn Garden City
(Communicated by G. I. Taylor, F.R.S.—Received 23 January 1946.—Revised 13 February 1947)

The equilibrium of a cube of incompressible, neo-Hookean material, under the action of three
pairs of equal and oppositely directed forces f;, f;, f3, applied normally to, and uniformly distributed
over, pairs of parallel faces of the cube, is studied. Itis assumed that the only possible equilibrium
states are states of pure, homogeneous deformation.

It is found that

(1) when the stress components in the deformed cube are specified, the corresponding equilibrium
state is uniquely determined (this is shown in § 6 of Part I).

(2) When the three pairs of equal and oppositely directed forces f}, f; and f; are specified,

(a) the corresponding equilibrium state is uniquely determined, provided that one or more of
the forces f;, f; and f; is negative, i.e. is a compressional force, or, if they are all positive, provided that

Nifefs <(RE),
where 3E is the constant of proportionality between the stress and strain components (analogous to
the rigidity modulus of the classical theory of small elastic deformations of isotropic materials).
(6) If f,, f, and f; are all positive and
Sifofs> (BE)?
then the equilibrium state is not necessarily uniquely determined. The number of equilibrium
states which exist depends on the values of f, f, f3 and 4E. The actual state of deformation which is
obtained depends in general on the order in which the forces are applied.
In the cases (1) and (2a), it is shown that the unique equilibrium state is one of stable equilibrium.
In case (2b), it is shown that the possible equilibrium states are of eight different types. Two of
these are mutually exclusive. Of these eight types of equilibrium state, four are inherently unstable.
Of the other four types, one is inherently stable. The three remaining types of equilibrium state are
not necessarily unique; i.e. more than one equilibrium state of each type may correspond to specified
values of f;, f, and f;. However, if one or more equilibrium states of a particular type exists, then
at least one of them is stable.
If f, = f, =f; =, then there is a unique state of stable equilibrium, provided that
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< S<3E.
- If sE<f<(DFE,
§ e then there are three states of stable equilibrium, none of which is identical with the undeformed
@) —~ state of the cube. If " ,
= 23| (D E<f<3E,
s 5 there are four states of stable equilibrium, one of which is identical with the undeformed state of
g ® the cube. If .
F ) f > §E:
then there is only one state of stable equilibrium, and this is identical with the undeformed state of

the cube.
1. INTRODUCTION

The most general deformation of any highly elastic material may be considered to consist
of a pure rotation followed by a pure, homogeneous strain. The amounts of the pure rotation
and of the pure, homogeneous strain may, of course, vary from point to point of the material.
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492 R. S. RIVLIN ON LARGE ELASTICG

The components (,,,%,,,%,.,4,.5 ¢, t,,) Of the stress at any point, which has co-ordinates

xx9 Yyys 2z Yyzs Vzxs bay
(x,y, z) in the undeformed state, referred to a rectangular, Cartesian system of co-ordinates,
must then be related to the components (e, €;,, €., €,., €5, €%,) Of this pure, homogeneous
portion of the total strain at that point. Ifu, v and w are the components, parallel to the axes
x, y and z, of the displacement undergone by the point considered, in the deformation, then
(€1e0 €yy» ---) are given by equations (I, 3-9) of the foregoing paper.

In the foregoing paper, the concept of an incompressible, neo-Hookean material has been
formulated. Such a material is considered to be isotropic in its undeformed state and to
obey the stress-strain relations (I,3-10). It is readily seen that if the strain components
(€15 €545 ---) are specified, the hydrostatic pressure p is indeterminate. This results from the
fact that the material is incompressible. On the other hand, it is shown (I, §5) that if the
stress components (Z,,,%,,, ...) are specified, the hydrostatic pressure p can be determined
in terms of them by means of a cubic equation, which may yield one or three real values for p,
depending on the magnitudes of the stress components and of the physical constant £.

It is shown, however, (I,§6) that only one of these values of p—the least—Ieads to real
values of the strain components (e, ¢;,,...). It is thus apparent that if a cube of incom-
pressible, neo-Hookean material is subjected to a pure, homogeneous deformation and the
stress components in the deformed state are specified, the state of strain of the deformed cube
is uniquely determined. This fact can be used to prove the further theorem that if, in an
element of an incompressible, neo-Hookean material, which has the form of a cube in its
undeformed state, the total forces, acting normally over each pair of parallel faces, are
specified, then the components of strain are uniquely determined provided that one or more
of the forces acting is negative, or, if they are all positive, their geometric mean is less than
+E (§2). If all the forces are positive and their geometric mean is greater than $£, then the
possibility of more than one equilibrium state exists. These equilibrium states are of eight
different types. The relations that must be satisfied by these three applied forces, for these
different types of equilibrium state to exist, are examined (§§ 3, 4). The conditions for the
stability of the equilibrium states in the various cases discussed are considered (§§5 to 8).
The case when the three applied forces are equal is then discussed (§9). Finally, the manner
in which the order of application of the forces influences the equilibrium condition reached

is discussed (§10).

2. UNIQUENESS THEOREM FOR SPECIFIED FORCES

Let us consider a volume of the incompressible, neo-Hookean material which, in the
unstrained state, had the form of a cube of unit edge. Suppose that this cube is subjected to
a pure, homogeneous strain, under the action of three pairs of equal and oppositely-directed
forces, f1, f; and f;, mutually at right angles. In the strained state, each of these forces is
considered to be uniformly distributed over the plane face of the cuboid on which it acts
and is, of course, directed normally to that face. In this section, we shall prove that if the
values of /|, f, and f; are specified, the physically possible pure, homogeneous strain produced
is uniquely determined, provided that one, or more, of f}, f, and /; are negative, or they are
all positive and

J1fas <o7E>.
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Taking as axes of reference a rectangular, Cartesian, co-ordinate system ¥, y, z, whose
axes are parallel to the edges of the cube, the relation between the stress components and
the lengths, A, A, and A3, of the edges of the deformed body is given by equations (I, 3-5), the
hydrostatic pressure p being given by equation (I, 6-1). In these equations X, Y and Z must
now be replaced by x, y and z respectively.

The stress components ¢ and ¢, are determined in terms of the forces f;, f2 and f;,
by the relations

L =Jillods = A1 by =fofdsdy = Ay fy and 1, = f3fd Ay = Ay fs. (21)
Combining equations (2-1) and (I, 3-5), we have
ASy =3B +p, Aofy = $EN+p and Ayfy = JE+p. (2:2)

In principle, p could be determined by using the incompressibility condition A;4,4; = 1
to eliminate A,, A, and A, in these equations. However, this would be extremely cumbersome
to carry out and, in fact, the uniqueness of the physically possible values of 4;, 4, and A5,
for given values of f}, f, and f;, can be proved without resorting to this analysis.

Suppose that there are two possible sets of values of A, 4,and 4. Letus denote these A}, A3, A5
and AJ, /1’2', A5. Let the corresponding values of the stress components be #,, ¢, ¢, and
tews Ly to, Tespectively and of the hydrostatic pressure p be p’ and p” respectively. Then,

from equations (2-1) and (2-2),

Al b= NSy = SEAP P, 4y = o fo = FEP+p and £, = Ay fy = 3EA? 4 (23)
SO
by = NSy = SEAP+p", 1y, = A fo = JEAP+p" and 1, = A3 fy = $EAP+p". (2+4)

vy

s byy

The incompressibility of the material implies that
A5G = A 545 = 1.

Consequently, blyyle = bty tr (2-5)
2’ is a solution of the equation

(p—t) (p—1y,) (p—2) +-57E° = 0, (2:6)
and p” is a solution of the equation

(b=t (p—tyy) (p—L2) +-27E° = 0. (2:7)

It has already been seen (in I,§6) that, if there is more than one real value of p which
satisfies either of these equations, then only the least of these leads to real values for the
dimensions of the strained body.

The solutions of equation (2-6) are the values of p for which the cubic

P = (p—t,) (p—1ty,) (p—1.) (2-8)

and the straight line P=—3FE3 (2+9)
intersect. '
Again, the solutions of equation (2 7) are the values of p for which the cubic
P = (p—ts) (p—1y) (p—1z) (2:10)

and the straight line (2-9) intersect. i
61-2


http://rsta.royalsocietypublishing.org/

N

a
A
ma \
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
yA \
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

494 R. S. RIVLIN ON LARGE ELASTIC
The two cubics (2-8) and (2-10) intersect where
(0—ta) (b—=13) (D—82) = (p—15) (D —1ty) (p—122)- (2:11)

In view of the relation (2-5), (2-11) becomes
p[l){(t:cx + tg//y + t;z) - (t;,x + t;y + t;,z)}
—{(tyy e ot tatyy) — (g o Lot A L lyy)3] = 0.
Thus, the two cubics intersect at only two real, finite points
t;/y t;z + t;z t;cx + ty’cx t.;y) _ (tJ’/’y tlzlz + tgz talc,x + th\ tZy2
(txx_’_ tyy + tzz) - (txx + tyy + tzz)
Therefore, if the two cubics (2-8) and (2-10) are plotted on the same graph, they will inter-

sect on the P-axis. The cubic (2-8) cuts the p-axis where p =1, ¢, and £, and the cubic
(2-10) cuts it where p = #,, t;, and ¢,,. We note that the A’s in equations (2-3) and (2-4) are

=0 and pz(

xx Ly
essentially positive, so that #,, #/ and #,, have the same signs as #,,, #,, and #,, respectively

and each of these sets of stress components has the same signs as f;, f, and f; respectively.
Plotting equations (2-8) and (2-10) on the same graph we have curves I and 11 of figure 1.

p

ol
) X\ z//

M;c:c ?‘,7.'/\ \//ifz‘x P
m
P”/P, N—

Ficure 1

A

In order to be explicit, in figure 1, f;, f, and f;—and hence all the stress components—

have been taken positive, and, we have assumed
bp>ty, >t and &, >t >t

The argument is unaltered if any other order for the stress components is taken and if
one, or more, of the forces f;, f; and f; is negative. In figure 1, the straight line (2-9) is
drawn as curve III and the values of p” and p”, which must be taken in equations (2-3) and
(2-4) respectively, are given by the lowest values of p for which it intersects curves I and I1I
respectively. It can be readily seen that p” and p” must have the same sign.

This will be negative, if one or more of the forces £}, f, and f; is negative or if they are all
positive and the straight line I1I cuts the P-axis below its intersection with the cubics I and I1,

Again, p" and p” will both be positive if £}, f, and f; are all positive and if the straight line
IIT cuts the P-axis above its intersection with I and II, i.e. if

~ 3B >~ fafs (2:13)
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Let us first consider the case when p’ and p” are both negative.
From equations (2-3),

2EX; = 3[fi£(f2—3£07)1] (1=1,2,3). (2:14)
Again, from equations (2-4),
2EN = 3[fi£ (f2—3£0")'] (1=1,2,3). (2:15)

Since the A’s are essentially positive, to be physically possible, and since p’ and p” are
negative, only the positive square roots in (2:14) and (2-15) are allowable. So, equations
(2-14) become

2EX; = 3[fi+ (fF—5Ep')] (i=1,2,3), (2-16)
and equations (2-15) become
2FEN] =3[ f;+ (f7—4Ep")Y] (1=1,2,3). (2-17)

Now suppose p'>p". Then, 1] <A], 1,<A3 and 15<A;.
This means that ;4545 <A7A315. But, since the material is incompressible,

A5 = A A5d5 = 1.
Consequently, p<p.

By a similar reductio ad absurdum argument, it can be shown that p’>p". Therefore p’ = p”.
The pure, homogeneous strain is thus uniquely determined, if the three forces f, f, and f5 are specified
and are such that one, or more, of them is negative, or they are all positive and the condition (2-12)

o Jifofs <o7E°
15 valid.

In particular, we notice that when one, or more, of the forces f;, f, and f; are zero, the
condition (2-12) is satisfied and the strain is uniquely determined if the applied forces are
specified. ‘

3. THE CASE OF MULTIPLE SOLUTIONS

Now, let us consider the case when f,, f, and f; are all positive and

Sifofs>7E

is satisfied, i.e. when p’ and p"” are positive.

From equations (2-14), we see that a positive value of p" will lead to real values of 1}, 4;
and 43, only if p’ is less than the least of the quantities 3f2/4E, 3/}/4E and 3f2/4E.
Similarly, from equations (2-15), a positive value of p” will lead to real values of A7, A; and 13,
only if p” is less than the least of the quantities 3f2/4FE, 3f2/4FE and 3f}/4E. If both of these
conditions are satisfied, then either the positive or negative alternatives for the square roots
in equations (2-14) and (2-15) will lead to real, positive values for the A’s.

It can readily be seen by an argument similar to that of the previous section, that there
can only be one solution to the problem, in which all the square roots are taken positive,

1.e. of the type
2EN; = 3[fi+ (fE—%E)] (1=1,2,3). (3-1)
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496 R. S. RIVLIN ON LARGE ELASTIC

Also, it can be seen, by a similar argument, that there is only one solution, in which all
the square roots are taken negative, i.e. of the type

2B = 3[fi— (P—3E0")'] (i=1,2,3). (3-2)
Further, the existence of a solution of the type (3-1) excludes a solution of the type (3-2),
since if two such solutions exist

A<}, A3<2y and  A5<Ag,
giving A AGA5 <A1 A5A5,
which contradicts the incompressibility condition.

Conversely, by a similar argument, the existence of a solution of the type (3-2) excludes
a solution of the type (3-1).

The conditions, under which solutions of the types (3-1) and (3-2) are possible, may be
readily found. Let us consider that f; >f,> f;.

We may plot the equations

A fy = $EA+p, (3-3)
Aofy = FEAS+ P (3-4)
and Aofy = EZ+p (3-5)

on a single diagram (figure 2) treating them as relationships between p and 1, 4, and A,
respectively. The axes of 1, A, and ; are the common axis A. Curves I, IT and III represent
equations (3-3), (3-4) and (35) respectively. The points 4, B and C, at which I, IT and III
respectively cut the A-axis, occur when A; = 3f,/E, 1, = 3f,/E and 1; = 3f;/E. The vertices of
the parabolae I, IT and III occur when A = 3f/2F, p = 3f2[4E, when A = 3f,/2F, p = 3f}[4F
and when A = 3f;/2F, p = 3fZ/4E.

lIIb \na Ib

\\B \A >

FI1GURE 2

Provided 0<p’<3f2/4E, the straight line p = p’ cuts each of the curves I, IT and III in
two points. Let us denote the lower of these two points by Ia, I1a and Illa respectively
and the upper by 14, I15 and 1115 respectively, giving two values of 1,, two values of A,
and two values of ;. Only for certain values of p” can values of 1, 1, and A;, which make
A, 4,45 = 1, be selected from these alternatives.

Since, as p’ increases, 15, I16 and I115 all decrease, the maximum value of 1,4,4; is given
by p' = 0 and the minimum value by p" = 3f#/4F, for which p = p" is tangential to curve 111
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at its vertex. Provided 1 lies between these two extreme values of 1;1,4;, a solution of the
type 14, 114, I115 exists. This condition is

T Joloo 1 (S AL+ (B~ LA+ (RN, (36)

Again, as p’ increases, 1a, Ila and IIla all increase. The minimum value of ;4,45 is
zero and its maximum is

(o) ALL— LA~ (D).

Thus provided  1<(p) ALA— (AT LA— (21, | (37

a solution of the type Ia, I1a, IIla exists.
Combining conditions (3-6) and (3-7), it is clear that if

(o) AL B~ L= 2= <1 < o) AL+ (LA + (2D,

(3-8)
then neither a solution of the type Ia, I1a, 1114, nor of the type 15, 115, I115 exists.
Apart from the two types of solution

(1) Ia, Ila, Il1a
and (i1) Ib, 114, 1115,
which have already been considered, six further possible types of solution exist. These are
(iii) Ia, 114, 1115,
(iv) 1b, Ila, 1110,
(v) 1b,11b,11la,
(vi) Ia, Ila, 1115,
(vii) Ia, I1b, I11a
and (viii) Ib, Ila, I11a.
Clearly, in each of the cases (iii), (iv), ..., (viii), when p = 0, 4;4,4; = 0 and when
p = 3f4E, 1,A,A3>0. However, 1;4,1; need not necessarily increase monotonically as
p increases from 0 to 3f2/4E.
Let us denote by 1,, and 1,,, the lower and upper values respectively of A; found from

equation (3-3), with analogous meanings for A,, and A,, and for A,, and A,,,.

Then, noting that
Aa < Agq <3 <Agp <Agy <Ay

we see that, for any positive value of p less than 3f?/4FE,
AyaAop gy <Ay Aog Agy <Ay Aoy Az <A1 A0, Agy,
and A0 sy <Aya Ao Agyy <A1 Aoy Az <A1y Agq As,e
Also MaAop s, <Ay Aopdy,  and A, dg,A3, <A, A5, g,
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498 R. S. RIVLIN ON LARGE ELASTIC
Thus, noting that, when p = 0,
Aahoalsy = A14 g0 A3y = A1aAp s, = A1pAaa s,
= /Ila/l2b/13b = /Ilb/IZa/{fib = A Agp s, = 0,

we see that if a solution of the type (i) exists, i.e. 1;,45,45, = 1, for some value of p, a solution
of each of the other types, except (ii), must exist. Again, if a solution of the type (vi) exists,
a solution of each of the types, (iii), (iv), (v), (vii) and (viii) must exist, and so on.

We thus see that multiple solutions can occur, and that the number of these depends on
the values of f,/E, f,/E and f;/E. Of course, before we can be sure that all these represent
physically possible states of strain, it is necessary to investigate the stability of the various
equilibrium conditions.

4. CONDITIONS FOR THE EXISTENCE OF THE VARIOUS TYPES OF SOLUTION

It has been seen in § 3 that condition (3-7) is necessary and sufficient for the existence of
a solution of the type Ia, I1q, IIla and condition (3-6) is necessary and sufficient for the
existence of a solution of the type 16, I14, IT1 4. In this section the conditions for the existence
of the remaining six types of solution will be discussed. We shall discuss the case of the
Ia, 115, I115 type of solution in detail and shall merely give conclusions in the other cases,
since the method of treating them is analogous.

Let us consider A = A, 55 (4-1)

The greatest value of p, which gives real values to A,,, A,, and Ay, is 3f2/4E. As p increases
from 0 to this value, 4 may not increase monotonically. Suppose p, is the value of p, in the
range 0 to 3f2/4F, for which 4 has its greatest value. Then, provided the value of 4, when
p = ps, 1s greater than unity, there will be at least one value of p, less than ps, for which 4 = 1,
yielding a solution of the type Ia, 115, II15. There may, of course, also be some value of p,
greater than p,, for which 4 = 1. However, the condition

[A]pep,>1 (4-2)

implies that there is at least one solution of the type Ia, I1, II14 and is a necessary condition
for the existence of such a solution.

When p = ps, 2EL,, = 3[ fi — (S —5Eps)'] :1
2ENy, = 3[ fo+ (/7 —5Eps)*] ‘ (4:3)
and 2FNy, = 3[ f3-+ (f3—%Eps)*].]

Thus, the condition (4-2) becomes

(o) Ui~ (R tBp Lot (F— 4B Lot (R—$Bp)1=1. (49)

In a similar manner, the necessary and sufficient conditions for the existence of at least
one solution of each of the remaining types can be found. They are tabulated in table 1,
DPas s, .- Py being the values of p, in the range 0 to 3f2/4E for which A has its greatest value,
in the cases (iv), (v), ..., (viii) respectively.
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TABLE 1

type ' necessary and sufficient condition for solution

Silfe= (FF =S [A— (S =/ >1

QZ

| ce

Do
&
N S —

Ia, 11a, I11a

<

b, 114, 1116 Slfe+ (2 =M LA+ (=) <1

w

)
&y

Ia, 1), I11b (A= (2 —8Ep) ] [fot (ff —5Ep)] [fo+ (8 —3Ep)H] > 1

Ib, 1a, 1110 LA+ (R4 Lfi— (R 3$Ep)H] Lo+ (= 4Ep)H] > 1

[\
m}w
~— S—

@

Ib, 115, 11la LA+ (2 —3Eps)}] [fo+ (S —5Eps)Y] [fo— (S —5Eps)H] > 1

— —

Ia, I1a, 1115 [A— (2 —3Epo)t] [fa— (f2—4Ep)] [fo+ (f2 —4Epe)H] > 1

<«

@

Ia, 115, 11l

—

Ble Ble Fle §le

Lfi— (2 =3Ep) ] Lo+ (7 —8Ep,)H] [fs— (ff—4Ep:)}]>1

15, Ila, I1la )3 LA+ (2 =3Ep)t] [fo— (2 —5Epo)*] [fo— (ff —$Eps)H] > 1

Poumns

The value of p; can, in theory, be found in the following manner. From (4:1) and (4-3),

A= () Th=(F— 4B LSk (- 4B Lfok (= 4ERY).  (5)
4 has stationary values when d4/dp = 0.
From (4-5),

log 4 = 310g%+10g [i—(fF—$Ep) ] +1og [fo+ (S7 - El))*]+log [fs+ (/3 —%Ep)].
Therefore

1 1 1
R by e e g (4:6)

The equation dA/dp = 0 cannot, in general, be readily solved analytically for p. Con-
sequently, we cannot make the necessary and sufficient condition (4-4), for the existence of
a solution of the type Ia, 115, II15, independent of p;. However, a sufficient condition,
which is less stringent than (4-4), can be readily obtained. This depends on the fact that if
A>1 for p = 3f}[4E, a solution of the type Ia, I15, II1b exists. When p = 3f2/4E,

3\ ]
4= (57) Uh= (2= Lot (B—f2 s
and the sufficient condition for the existence of a solution of the type Ia, 115, IT15 is

(o) LA (= Lt (21 fe> 1.

In a similar manner sufficient conditions for the existence of the various other types of
solution can be obtained and are tabulated in table 2.

VoL. 240. A. 62
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500 R. S. RIVLIN ON LARGE ELASTIC

If dA/dp = 0 has no solution for 0 <p < 3fZ/4F then 4 increases monotonically as p increases
from 0 to 3f2/4E. The greatest value of 4 occurs when p = 3f?/4F and the sufficient
condition in table 2 becomes, as well, a necessary condition.

TABLE 2
type sufficient condition for solution
Ia, 1o, TiTa (5) ALA—(B= L= (=) > 1
o, 115, 1115 (o) AL+ (B Lhi+ (2= <1
Ta, 118, IT1 (5) ALA= (2= Lt (=) >
1o, Ila, 1115 (o) ALA+ (=R LA (B ~>1
s, 110, Tila (5) AL+ (= Lt (=) > 1
Ta, Tla, 1115 (5) ALA— (=1 LA (B—f)1>1
Ia, 115, Tlla (5) ALA= (2= LAt (R=A) 1
4, e, Ila (o) ALA+ (2~ A= (R-R)>1

Returning to equation (4-6), for the Ia, 115, II15 case, we see that as p— 3f}/4F, from
below, d4/dp——o0. Since, when p = 0, d4/dp>0, and since 4 is a continuous function of
p in the range 0<p<<3f2/4E, A must have at least one maximum for 0<p<<3f2/4E and if
there is more than one stationary value for p, there is an odd number. For the 15, 114, I115
and Ia, ITa, I115 cases, a similar argument applies.

However, in the 15, 115, I11a case,

da 1 1 1
| _ ) .
dp [Auxff—%Ep)*ﬂgme%Ep)% Xoal J2—SEp) 1 (47)

As p—3f2/4E, from below, d4/dp oo and consequently it cannot be definitely stated that
there is at least one maximum for 0 <p < 3f2/4E. A similar argument applies for the I, I1aq,
I11a and Ia, 115, I11a cases.

5. THE STABILITY OF EQUILIBRIUM (PURE, HOMOGENEOUS STRAIN UNDER SPECIFIED FOROES)

If a cube of the incompressible, neo-Hookean material, which has unit edge in the
unstrained state, is strained to dimensions A; X 4, X 4; under the action of three forces f, f;
and f;, the work done by these forces is

S =1) 4+ —1) +f3(43—1). (5:1)
The energy stored elastically, in the material, is, from equation (I, 9-3),

LB+ 13+ —3). (52)
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Writing ® = FE+A3+43-3) =1l —1) +o(4,— 1) +f5(A— 1)), (5:3)
the equilibrium conditions for pure, homogeneous deformation of the body are given by

0P =0, (5-4)

for all possible small variations of A;, 1, and ;.
Since LA =1, (5-5)
the allowable variations dd,, dA,, 615 of A,, A,, A5 respectively are restricted by the relation
Ay A3 0 +Ag4, 05+ A, 2,045 = O,

. oA, 8/1 04
i.e. by /1 /1 +/1— = 0. (5-6)

The equilibrium condition is stable if
826> 0, (5:7)

for all allowable, small variations of d4;, 61, and dA; about the equilibrium position. In
order to avoid introducing the restricting condition (5-6), we may rewrite (5-3) as

b — 1E(/l2+/12+/12/12) l:fl DRFACE —-1)+f3</1 . 1)] (58)
Then, all small variations of /11, A, are allowable. Now
0%p 920 |
po — 08 W 2 51,2+ 2 1o, o) + 55 (1)°. (5+9)
From (5-8) PP _1E B+ ) of,
O AT o — =) T Y,
) |
— 351+ Az) %3 (510)
7P 1
g 151 +m4) LWt
A
~ 1E (1+A2) QJSI%, (5:11)
726,
oA 01, 58 mg /s 2223
= (3EA;—f5) A3 (5-12)

The necessary and sufficient condition for 0?9, as given in equation (5 9), to be greater
than zero, for all possible small values of 04, and dA,, is

%P 929 Rl
s ) (5:13)
2 2
‘Zg>0 and ‘;ﬁ>0. (5-14)
2

62-2
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502 R. S. RIVLIN ON LARGE ELASTIG
Either of the conditions (5-14) is, of course, implied by the other, together with condition
(5-13).

Introducing the expressions for 0?@/dA3}, 3?01} and 92@/dA, dA,, given in equations (5-10),
(5-11) and (5-12), the condition (5-13) becomes

E1+ > 2f3 S| B 1—|— 5 2f3 S |> (3EA—f3)% A8, (5-15)
/1 A /1 A}
and the conditions (5-14) become
312 A 313 A
%E(H— p) 2y and 1E(1+ Az) 275 (5-16)
Bearing in mind that S3hs = LEA+p,
condition (5-15) becomes
V() — B 23 09) + 397>, (517)
or (GER—p) GENB—p)+ GEB—p) (FEN—p)+ (3EAZ—p) GER—p) > (5:18)

and conditions (5-16) become
TEM3+23)>2p (519

and TE(A3+13) >2p. (5-20
We notice that if P<IEX, p<iEX} and p<iEA, (5-21

)
)

)

then all three of the necessary and sufficient conditions for stability (5-18), (5:19) and (5-20)

are satisfied and the corresponding equilibrium state is stable. Condition (5-21) is, of course,

automatically satisfied if p is negative, as in the case considered in § 2, where the equilibrium
state is uniquely determined.

In deducing the stability conditions, we could have expressed §2¢ in terms of A,, A5, 04,

and 04, instead of A;, A,, 04, and d4,. We should then have obtained as our stability conditions

LE(A3+A3)>2p and 1E(A3+13)>2p,

together with condition (5-18).
It therefore appears that we can add to conditions (5-18) and (5-19) the condition

LE(A3+23)>2p (5-22)
as a necessary condition.*

* Footnote (added 8 May 1946).

It has been pointed out to me by Dr D. N. de G. Allen that if the condition (5-18) and any one of the
three conditions (5-19), (5-20) and (5-22) are satisfied, then it follows that the remaining two of these con-
ditions are automatically satisfied.

Thus, suppose (5:18) and (5-19) are satisfied. Adding the positive quantity (3EA—p)% to the left-hand
side of (5-18), it follows that

[BE(S+A5) —2p] [FE(AT+A3) —2p] > 0.

From this and (5-19) it follows that
SE(+A5) —2p>0.

In a similar manner, it can be shown that (5:22) is satisfied.
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6. THE STABILITY OF EQUILIBRIUM (PURE, HOMOGENEOUS STRAIN UNDER SPECIFIED STRESSES)

If the normal stresses ¢,,, ¢,, and ¢,, acting on the cube of incompressible, neo-Hookean
material are specified, then it has been seen, from § 6 of Part I, that the equilibrium state is
uniquely determined. It can readily be shown, in a manner similar to that of § 5, that this
equilibrium state is necessarily stable.

In this case the forces acting on opposite pairs of faces of the strained cube are ¢,,4,4,,
t,,A34; and ¢,,A, A,. The work done by these forces in a small, virtual change of dimensions

of the cuboid from A; x A, X A5 to (A, +81;) X (A,+01,) X (A;+04,) is

5, o Sy . 8

LeAoAgOA; 41, A5 A Oy 1, A1 4,005 = ¢, » /12+tzz "

in view of the relationship (5-5), for an incompressible material.

oA 0Ag :l

Now 06 — S[AE(3+13+13—3)] — l:xx,11+tyy,12+tzz,1
3

)
= 4B O+ 1,004, 005) — furz %Jr‘?)

vy /1
Making use of the relationships (5-5) and (5-6), to eliminate A; and d1,;, we have

-3 SRRV LT L
o8 = 4 (1= g b1+ (=) e | [ (ot o (=)

2 2
Whence 86 — %E[(l +T;-) (0,)2 43 61,00, + (1 +%3) (3/12)2]
1

=+ I:(txx_ tzz) TG—I— (tyy_tzz) —/12—_ (6.1)
(I

For the equilibrium state, we have, from equatlons

t—t, = 3EM2—A2) and t,—t, = LE(3—A3).

yy zZ

Introducing these results into (6-1),

526 — LE [( )(5/1 )24 20381, 81 +(1+’;2)(m)]

Z%E[(Ml)“r(@l) “z(? %)]

Thus 0?¢>0, and the equilibrium state is stable.

7. THE UNSTABLE EQUILIBRIUM STATES

It can readily be shown that the states of equilibrium given by solutions of the types
Ia,11a, 111a, la,Ila, 1116, la,I1b, I11a and 14, I1a, I11q are unstable.

The necessary and sufficient conditions for stable equilibrium have been shown to be
(5-18), (5-19), (5-20) and (5-22).

If one or more of these conditions is not satisfied, for some state of equilibrium, then that

state is unstable.
62-3
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504 R. S. RIVLIN ON LARGE ELASTIC
For a solution of the type Ia, I1a, I11aq,

9FN, = 3[fi— (fE—4Ep)] (i=1,2,3).

Now, since S (= $ED <, + (2~ 4ED),
< (o) Th— (= 4B LA+ (S~ $ER)]
ie. 1EN—p<0.

Similarly, it may be shown that
$EM—p<0 and 1EA—p<O.
Thus, JEQ3+A3) <2p, EMG+13)<2 and JEW+A) <2,
in disagreement with the conditions for stability (5-19), (5-20) and (5-22). Thus the equi-
librium condition represented by a solution of the type Ia, I1a, ITla is necessarily unstable.
In a similar manner, it can be shown that the solutions of the types I a, I1a, 1115, 1a, 115,

II1a and 16, I1a, I11a contradict the stability conditions (5-22), (5-19) and (5-20) respec-
tively and therefore correspond to states of unstable equilibrium.

8. THE STABLE EQUILIBRIUM STATES

(a) Consideration of the 1b, I1b, I11b equilibrium state

In this state,
2E), =3[ fi+ (f2—5Ep)'] (i=1,2,3).

Now, 1EZ—p>0 (:=1,2,3).
Thus, conditions (5-21) are satisfied for the 15, 115, II15 state of equilibrium, which is

therefore always stable if it exists.

(b) Consideration of the 1b, 115, 111 a state
For this state

2EN, =3[ fi+ (SP—5Ep)'], 2B =3[+ (fF—5Ep)'] and 2EA = 3[f;—(f§—5E£p)'].
81
We can readily see that (&1)

1EN—p>0, LEB—p>0 and LEA—p<O. (8-2)
Condition (5-22) is clearly satisfied.
FE(+23) —2p = A (S —$Ep) — A f3 —$Ep)t >0,
since A, >3 and f; >f;. Thus condition (5-19) is satisfied.

Similarly, since 4,> 15 and f, > f;, condition (5-20) is satisfied.
In view of the relations (8-2), the stability condition (5-18) may be written, for the 15,
115, I11a equilibrium state, thus:

1 1 1
P=3ER EG—p Y ER—p

(8:3)
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Now, equations (8-1) give

VEN—p = M (fi—4Ep), BEG—p = \(f7—4Ep)! and JENF—p = —A(f3—$Ep)h.
(8-4)
So, condition (8-3) becomes

1 1 1
> .
W JF—3Ep) N (fi—3Ep) ' L(f7—4Ep)!
If A = A, 2,43, we can readily see that

(8-5)

aa [ 1 B 1 B 1 ]
dP:IA=1 LA (fF—3ER)t A(fF—5EP) A (SP—SEP)'Y
for this state.
Consequently, if dd4/dp>0, for the equilibrium state considered, condition (5-18) is
satisfied and the state is stable. On the other hand if d4/dp <0, for the equilibrium state
considered, condition (5-18) is not satisfied and the state is unstable.

(¢) Consideration of the 1b, 11a, I11b state
For this state
2B, =3[ S+ (SE—5EP)'), 2Ed, = 3[fo,— (/8 —%£p)'] and 2Ed; = 3[f3+ (f7—$Ep)'].
We can readily see that condition (5-19) is satisfied, since
tEA>p and 3EA;>p.

Also, condition (5-22) becomes

N(SE—5ED) =2, (fF —5Ep) > 0.

Since 1,<q, and f,<f;, this condition is also satisfied.
However, condition (5-20) becomes

As(f3 —5EP) —A(fF —5Ep)* > 0. (8-6)
This condition may or may not be satisfied, depending on the values of f;, f, and f;.
Condition (5-18) becomes
1 1 1
L (TF—SEp) A JE—4Ep) (T 4Ep)
If this condition is satisfied, then condition (8:6) and hence (5-20) is automatically satisfied.
As in the case of the 14, I15, I11a equilibrium state, condition (8-7) is or is not satisfied,
i.e. the equilibrium state is stable or unstable, accordingly as d4/dp is positive or negative
for the state considered.

(d) Consideration of the La, I1b, 1115 state

(8-7)

For this state
2EN =3[ fi— (ST —5EP)'], 2EX, =3[ [+ (f&—5Ep)'] and 2EA; =3[ f3+ (f3—4Ep)'].

As in the previous case, it can be shown that condition (5-20) is satisfied and that if con-
dition (5-18) is satisfied, conditions (5-19) and (5-22) are also satisfied. Condition (5-18)

becomes, in this case,
1 1 1

L (FE—3Ep) L $Ep) T A (f7—$Ep) (8:8)
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506 R. S. RIVLIN ON LARGE ELASTIC

Again, as in the cases of the 15, 115, ITI1a and 14, I1a, ITI15 states, condition (8-8) is or is
not satisfied, i.e. the equilibrium is stable or unstable accordingly as dA/dp is positive or
negative for the state.

Summarizing the results obtained so far on the stability of the various types of equilibrium
state, we have .

(i) states of the types la, I1a, IIla, Ia, Ila, 1116, Ia, 115, IIla and 15, Ila, I1la
are always unstable;

(ii) states of the types 14, 114, II15 are always stable; and

(iii) states of the types la, 114, 1116, 14, Ila, 1116 and 14, 115, IIla are stable or
unstable accordingly as d(4,4,45)/dp is positive or negative for the state.

9. CASE OF THREE EQUAL FORCES

Suppose that the cube of material is subjected to three equal, positive forces each of
magnitude f, so that
h=le=fs=/

We shall assume that /> 1F, so that condition (2-13) is satisfied and p is positive.

An equilibrium state of the type I, I14, I115 will exist if condition (3-6), which becomes

J<3E,
is satisfied. Ifsuch a state exists, then

’11:/12:’132—‘1:

for that state and it is stable (§8 (a)).
The necessary and sufficient condition for the existence of equilibrium states of the types
Ia, 116, 1115, 1b,11a, 1110 and 14, 115, 1114, is (from table 1, §4).

Thus, A= () WL+ (- 4B >, (91)

for some value of p between 0 and 3f2/4F.

a4 _ A[l__ 1 ]
dp p S+ (P —5Ep)} (fP—5Ep) T
The maximum value of 4 is given by
a _
dp
which yields p = 2/2/3E. We note that this value of p is less than 3f%/4FE, the maximum value

of p for which real values of 1;, 4, and A; are obtained.
Introducing p = 2f2/3E into condition (9-1), we obtain

S>DYE, (9-2)

as the condition for the existence of equilibrium states of the types 1a, 115, 1115, 1b, Ila,
I114 and 14, 114, I11a.

If this condition is satisfied, d4/dp will be positive for 0<p<<2f?/3E and negative for
2f?|3E <p<3f?/4E. Thus, there will be one and only one value of p for which 4 = 1 and

0,
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dA/dp is positive and the corresponding equilibrium state is stable. There will also be a value
of p for which 4 = 1 and d4/dp is negative, so that the corresponding equilibrium state is
unstable, if 4<1 for p = 3f?/4E.

When p = 3f24E, A = 27f3/8E>.
So A<1 when p = 3f?/4E, if f<3E. (9-3)

There is only a small range of values of f where conditions (9-2) and (9-3) are consistent.
In this range conditions (9-1) and (3-6) are satisfied, so that a single, stable equilibrium state
of each of the four types 15, 114, 1115, Ia, 115, 1116, 1b, Ila, 1114 and 15, 115, 11la
exists. Outside this range either one stable equilibrium state of the type 14, 115, 1115
(giving A, = A, = A;) exists or one stable equilibrium state of each of the three types L4, 115,
1116, 1b, Ila, 1115 and 14, 114, I11a exists. Any equilibrium states of the type Ia, Ila,
1115, Ia, I1b,II1a or 1b, I1a, I11a, which exist, are of necessity unstable (§7).

10. EFFECT OF ORDER OF APPLICATION OF FORCES

Let us suppose that the forces f; and f, are applied first and the body is allowed to reach
its equilibrium state under the action of these forces. This equilibrium state is uniquely
determined by f; and £, (§2). The dimensions A}, A3, A5 of the body in this state are given by

A = 3EAR 4P, fody=FENE A+, 0= 4EA?+p" and AA5=1.  (10-1)
We have, from the first three of these equations,

2FA = 3[ i+ (JE—%Ep)1],)
2EX; = 3 fy+ (f3—$Ep)] | (102)
and 2FE; = 3(—$Ep')*. l

Only the positive roots need be considered in solving the first three of equations (10-1)
for A}, A} and A}, for only these roots will lead to positive values of 1}, A; and A3, as explained
in § 2. Furthermore, it is seen that " must be negative. Otherwise A3 is imaginary.

Suppose that under the action of the three forces f;, f3, /3 there exists a stable equilibrium
of the type 15, 115, 1115 and a single equilibrium state of each of the types Ia, 115, 1115,
16,11a, 1115 and 14, 115, I11a. Let us suppose that when the body is in the state represented
by equations (10-1) the force on the faces, normal to the direction of the edge of length A3,
is increased to its final value f; in such a manner that the equilibrium state is reached quasi-
statically. The question arises—which of the four possible equilibrium states will be assumed
by the body?

For the 15, 115, I11a state of equilibrium

2B, — 3[fi-+(fi—4Ep)], |
2EA, = 3[ fo+ (/3 —5ED)'] (10-3)
and 2EA; = 3[ f3— (f#—%Ep)*].
Here, p is positive.
Therefore, since p’ is negative,
' L <A, A<A, and A3>A; (10-4)
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508 R. S. RIVLIN ON LARGE ELASTIG DEFORMATIONS. II

It can readily be seen that the relations (10-4) are also valid for equilibrium states of the
types 16, I1a, 1116, 1Ia, 115, II1a and 15, 115, I115.

Now, 1, has a lower value in the state of the type 14, I15, I1Ia than in any of the other
three states. Therefore, the state of the type 15, I15, II1a can be reached from the state in
which the dimensions of the cuboid are 1], A, 45, without passing through any other state
of equilibrium, under the action of the forces f;, f5, f5-

In a similar manner it can be shown that if the forces f; and f; are applied first, the state
of the type 15, I1a, I114 can be reached without passing through any other equilibrium
state. Again, if the forces f, and f; are applied first, the state of the type I a, I14, I115 can be
reached without passing through any other equilibrium state.

This work forms part of a programme of fundamental research undertaken by the Board
of the British Rubber Producers’ Research Association.
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